
REPORT DOCUMENTATION PAGE 
Form Approved 

OMB No. 0704-0188 
Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, 
gathering and maintaining the data needed, and completing and reviewing this collection of information.  Send comments regarding this burden estimate or any other aspect of this 
collection of information, including suggestions for reducing this burden to Department of Defense, Washington Headquarters Services, Directorate for Information Operations and 
Reports (0704-0188), 1215 Jefferson Davis Highway, Suite 1204, Arlington, VA  22202-4302.  Respondents should be aware that notwithstanding any other provision of law, no person 
shall be subject to any penalty for failing to comply with a collection of information if it does not display a currently valid OMB control number.  PLEASE DO NOT RETURN YOUR 
FORM TO THE ABOVE ADDRESS. 

1. REPORT DATE (DD-MM-YYYY) 
22 June 2015 

2. REPORT TYPE
Briefing Charts

3. DATES COVERED (From - To) 
19 June 2015 – 22 June 2015 

4. TITLE AND SUBTITLE 
Optimal Runge-Kutta Schemes for High-order Spatial and Temporal 
Discretizations 

5a. CONTRACT NUMBER 
 

 5b. GRANT NUMBER 

 5c. PROGRAM ELEMENT NUMBER 
 

6. AUTHOR(S) 
Mundis, N., Edoh, A. and Sankaran, V. 

5d. PROJECT NUMBER 
 

 5e. TASK NUMBER 
 

 
 

5f. WORK UNIT NUMBER 
Q12J 

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION 
REPORT NO.

Air Force Research Laboratory (AFMC) 
AFRL/RQR 
5 Pollux Drive 
Edwards AFB, CA 93524-7048 

 
 
 
 

 

9. SPONSORING / MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSOR/MONITOR’S ACRONYM(S)
 
Air Force Research Laboratory (AFMC) 
AFRL/RQR 11. SPONSOR/MONITOR’S REPORT 

5 Pollux Drive       NUMBER(S)

Edwards AFB, CA 93524-7048 AFRL-RQ-ED-VG-2015-268 

12. DISTRIBUTION / AVAILABILITY STATEMENT 
Approved for public release; distribution unlimited 
 
13. SUPPLEMENTARY NOTES  
For presentation at 22nd AIAA Computational Fluid Dynamics Conference; Dallas, TX; 22 June 2015 
PA Case Number: #15352; Clearance Date: 6/29/2015 

14. ABSTRACT 
Viewgraphs/Briefing Charts 

 

15. SUBJECT TERMS 
N/A 

16. SECURITY CLASSIFICATION OF: 
 

17. LIMITATION  
OF ABSTRACT 

18. NUMBER 
OF PAGES 

19a. NAME OF 
RESPONSIBLE PERSON 

V. Sankaran 

a. REPORT 
 
Unclassified 

b. ABSTRACT 
 
Unclassified 

c. THIS PAGE
 
Unclassified 

SAR 
29 19b. TELEPHONE NO 

(include area code) 

N/A 
 Standard Form 

298 (Rev. 8-98) 
Prescribed by ANSI 
Std. 239.18 

 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

O
p

ti
m

al
 R

u
n

g
e-

K
u

tt
a 

S
ch

em
es

 f
o

r 
H

ig
h

-o
rd

er
 

S
p

at
ia

l a
n

d
 T

em
p

o
ra

l D
is

cr
et

iz
at

io
n

s 

20
15

 A
IA

A
 S

ci
T

ec
h 

Ju
ne

 2
3,

 2
01

5 

N
at

h
an

 L
. M

u
n

d
is

 –
 E

R
C

, I
n

c.
 

A
ya

b
o

e 
K

. E
d

o
h

 –
 U

C
L

A
 

V
en

ke
S

an
ka

ra
n

 –
 A

F
R

L
/R

Q
 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

O
u

tl
in

e 

• 
In

tr
o

d
u

ct
io

n
 

•
G

o
ve

rn
in

g
 E

q
u

at
io

n
s 

–
S

pa
tia

l D
is

cr
et

iz
at

io
ns

 

–
T

em
po

ra
l D

is
cr

et
iz

at
io

ns
 

•
V

o
n

 N
eu

m
an

n
 A

n
al

ys
is

 (
V

N
A

) 
•

C
o

m
p

u
ta

ti
o

n
al

 R
es

u
lt

s 
–

O
ne

-d
im

en
si

on
al

 W
av

e 

–
T

hr
ee

-d
im

en
si

on
al

 V
or

te
x 

•
C

o
n

cl
u

si
o

n
s 

an
d

 F
u

tu
re

 W
o

rk
 

2 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

In
tr

o
d

u
ct

io
n

 
• 

H
ig

h
-o

rd
er

 in
 s

p
ac

e 
is

 n
o

w
 c

o
m

m
o

n
p

la
ce

 

•
H

ig
h

-o
rd

er
 in

 t
im

e
 n

o
t 

so
 m

u
ch

• 
Is

 t
h

is
 s

u
ff

ic
ie

n
t?

 Is
 h

ig
h

-o
rd

er
 in

 t
im

e 
n

ee
d

ed
?

 

•
Li

m
iti

ng
 F

ac
t: 

T
h

er
e 

ar
e 

n
o

 A
-s

ta
b

le
 b

ac
kw

ar
d

-d
if

fe
re

n
ce

 
fo

rm
u

la
 (

B
D

F
) 

m
et

h
o

d
s 

w
it

h
 >

 2
nd

-o
rd

er
 a

cc
u

ra
cy

 

•
T

h
u

s,
 m

u
lt

is
ta

g
e 

m
et

h
o

d
s,

 li
ke

 R
u

n
g

e-
K

u
tt

a 
(R

K
) 

m
et

h
o

d
s,

 m
u

st
 b

e 
u

se
d

 f
o

r 
3r

d -
 a

n
d

 h
ig

h
er

-o
rd

er
 

•
E

xp
lic

it
 R

K
 m

et
h

o
d

s 
ar

e 
n

o
t 

am
en

ab
le

 t
o

 s
ti

ff
 p

ro
b

le
m

s 

O
bj

ec
tiv

e:
T

o
 f

in
d

 o
p

ti
m

al
 d

ia
g

o
n

al
ly

-i
m

p
lic

it
 

R
u

n
g

e-
K

u
tt

a 
ti

m
e 

in
te

g
ra

to
rs

 f
o

r 
u

se
 w

it
h

 
h

ig
h

-o
rd

er
 s

p
at

ia
l d

is
cr

et
iz

at
io

n
s 

3 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

G
o

ve
rn

in
g

 E
q

u
at

io
n

s 

• 
D

u
al

 T
im

e 
S

te
p

p
in

g
: 

•
Q

u
as

i-
lin

ea
r 

F
o

rm
: 

•
R

es
id

u
al

 F
o

rm
: 

4 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

S
p

at
ia

l D
is

cr
et

iz
at

io
n

s 

• 
C

en
tr

al
 D

if
fe

re
n

ce
s 

w
it

h
 a

d
d

ed
 a

rt
if

ic
ia

l d
is

si
p

at
io

n
 

•
C

en
tr

al
 d

if
fe

re
n

ce
s:

 

•
S

ca
la

r 
ar

ti
fi

ci
al

 d
is

si
p

at
io

n
: 

5 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

T
em

p
o

ra
l D

is
cr

et
iz

at
io

n
s 

• 
R

u
n

g
e-

K
u

tt
a 

M
et

h
o

d
s:

 

6 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

E
S

D
IR

K
 M

et
h

o
d

s 

• 
E

xp
lic

it 
fir

st
 s

ta
ge

 S
in

gl
y-

D
ia

go
na

lly
 

I m
pl

ic
it

R
un

ge
-K

ut
ta

–
S

tif
fly

 a
cc

ur
at

e 

–
S

ec
on

d-
or

de
r 

st
ag

e 
ac

cu
ra

cy
 

–
F

S
A

L 
– 

F
irs

t i
s 

th
e 

S
am

e 
A

s 
L

as
t 

7 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

E
S

D
IR

K
3 

an
d

 4
 

8 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

E
S

D
IR

K
5 

9 

T
he

 s
in

gl
e 

bi
gg

es
t d

ra
w

ba
ck

 o
f u

si
ng

 �
th

es
e 

sc
he

m
es

 is
 ty

pi
ng

 th
em

 o
ut

!�



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

V
o

n
 N

eu
m

an
n

 A
n

al
ys

is
 

• 
O

ft
en

 u
se

d
 t

o
 s

tu
d

y 
st

ab
ili

ty
 o

f 
sc

h
em

es
 

• 
V

o
n

 N
eu

m
an

n
 a

n
al

ys
is

 is
 u

se
d

 t
o

 
co

m
p

ar
e 

sc
h

em
es

 f
o

r 
ac

cu
ra

cy
 

–
D

is
si

pa
tio

n 
er

ro
r 

–
D

is
pe

rs
io

n 
er

ro
r 

•
A

ss
u

m
es

 li
n

ea
r,

 p
er

io
d

ic
 p

ro
b

le
m

s 

•
V

N
A

 t
h

eo
ry

 a
n

d
 m

o
re

 r
es

u
lt

s 
ar

e 
in

 t
h

e 
as

so
ci

at
ed

 p
ap

er
 

10
 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

D
is

si
p

at
io

n
, C

FL
 =

 1
.0

 

11
 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

D
is

p
er

si
o

n
, C

FL
 =

 1
.0

 

12
 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

D
is

si
p

at
io

n
, C

FL
 =

 1
0.

0 

13
 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

D
is

p
er

si
o

n
, C

FL
 =

 1
0.

0 

14
 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

1-
D

 A
co

u
st

ic
 W

av
e 

• 
U

n
p

er
tu

rb
ed

 M
ac

h
 n

u
m

b
er

 o
f 

0.
5 

•
P

er
tu

rb
at

io
n

 w
av

e 
- 

20
 p

o
in

ts
 p

er
 w

av
e 

re
so

lu
ti

o
n

 

• 
M

o
re

 r
es

u
lt

s 
in

 t
h

e 
p

ap
er

 

15
 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

1-
D

, C
FL

 =
 1

.0
, 1

0 
P

er
io

d
s 

 

16
 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

1-
D

, C
FL

 =
 1

0.
0,

 1
 P

er
io

d
  

17
 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

1-
D

, C
FL

 =
 1

.0
, 1

00
0 

P
er

io
d

s 
 

18
 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

3-
D

 Is
en

tr
o

p
ic

 V
o

rt
ex

 
• 

F
re

e-
st

re
am

 M
ac

h
 n

u
m

b
er

 o
f 

0.
5 

 • 
P

er
tu

rb
at

io
n

 -
 1

1 
p

o
in

ts
 a

cr
o

ss
 t

h
e 

vo
rt

ex
 

 • 
M

o
re

 r
es

u
lt

s 
in

 t
h

e 
p

ap
er

 

19
 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

3-
D

, C
FL

 =
 1

.0
, 4

0 
L

en
g

th
s,

 
11

 P
o

in
ts

 A
cr

o
ss

 t
h

e 
V

o
rt

ex
 

20
 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

3-
D

, C
FL

 =
 1

.0
 

D
if

fe
re

n
t 

R
es

o
lu

ti
o

n
s 

  

21
 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

3-
D

, C
FL

 =
 8

.0
, 4

0 
L

en
g

th
s,

 
11

 P
o

in
ts

 A
cr

o
ss

 t
h

e 
V

o
rt

ex
 

22
 

A
lm

os
t 1

 v
or

te
x 

w
id

th
 d

ow
n�



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

S
n

ea
k 

P
ea

k:
 F

ilt
er

in
g

 

23
 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

C
o

n
cl

u
si

o
n

s 

• 
2n

d -
 a

nd
 3

rd
-o

rd
er

 t
im

e 
in

te
g

ra
to

rs
 f

o
r 

5t
h -

o
rd

er
 

sp
at

ia
l s

ch
em

es
 a

re
 in

ad
eq

u
at

e 
–

T
he

 s
am

e 
or

de
r 

of
 s

pa
tia

l a
nd

 te
m

po
ra

l d
is

cr
et

iz
at

io
ns

 is
 p

re
fe

ra
bl

e 

–
H

ow
ev

er
, E

S
D

IR
K

5 
is

 n
ot

 m
uc

h 
be

tte
r 

th
an

 E
S

D
IR

K
4 

•
7 

im
pl

ic
it 

st
ag

es
 v

s.
 5

 im
pl

ic
it 

st
ag

es
 

•
H

ig
h

er
-o

rd
er

 t
im

e 
in

te
g

ra
to

rs
: 

–
D

o 
no

t s
ho

w
 s

ig
ni

fic
an

t i
m

pr
ov

em
en

t o
n 

co
ar

se
 g

rid
s 

at
 C

F
L 

of
 o

ne
 

–
A

re
 b

et
te

r 
at

 h
ig

h 
C

F
L 

nu
m

be
r 

–
A

re
 b

et
te

r 
on

 h
ig

hl
y 

re
fin

ed
 g

rid
s 

•
S

p
at

ia
l e

rr
o

r 
u

su
al

ly
 d

o
m

in
at

es
 f

o
r 

ty
p

ic
al

 
C

FL
 n

u
m

b
er

s 
an

d
 g

ri
d

 r
es

o
lu

ti
o

n
s 

–
C

en
tr

al
 d

iff
er

en
ce

 p
lu

s 
ar

tif
ic

ia
l d

is
si

pa
tio

n 
sc

he
m

es
 a

re
 in

ad
eq

ua
te

 

24
 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

F
u

tu
re

 W
o

rk
 

• 
Im

p
le

m
en

t 
m

o
re

 a
cc

u
ra

te
 s

p
at

ia
l s

ch
em

es
 o

f 
th

e 
sa

m
e 

o
rd

er
s 

o
f 

ac
cu

ra
cy

 
–

C
om

pa
ct

-d
iff

er
en

ce
 s

ch
em

es
 

–
F

ilt
er

in
g 

sc
he

m
es

 

•
D

er
iv

e 
b

et
te

r 
E

S
D

IR
K

 s
ch

em
es

 t
ai

lo
re

d
 t

o
 t

h
e 

d
es

ir
ed

 d
is

si
p

at
io

n
 a

n
d

 d
is

p
er

si
o

n
 p

ro
p

er
ti

es
 

•
A

d
d

 p
re

co
n

d
it

io
n

in
g

 t
o

 t
ak

e 
m

ax
im

u
m

 
ad

va
n

ta
g

e 
o

f 
th

e 
E

S
D

IR
K

 t
im

e 
in

te
g

ra
to

rs
 f

o
r 

st
if

f 
p

ro
b

le
m

s 
–

Im
pr

ov
ed

 c
on

ve
rg

en
ce

 e
ffi

ci
en

cy
 

–
Im

pr
ov

ed
 s

ol
ut

io
n 

ac
cu

ra
cy

 

25
 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

Q
u

es
ti

o
n

s?
?

?
 

26
 

D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

E
xt

ra
 S

lid
es

 

27
 



D
is

tr
ib

u
ti

o
n

 A
 –

 A
p

p
ro

ve
d

 f
o

r 
p

u
b

lic
 r

el
ea

se
; 

D
is

tr
ib

u
ti

o
n

 U
n

lim
it

ed
 

3-
D

, C
FL

 =
 8

.0
 

D
if

fe
re

n
t 

R
es

o
lu

ti
o

n
s 

  

28
 




